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Abstract

We analyze oligopolistic exhaustible-resource depletion when firms can trade
forward contracts on deliveries —a market structure prevalent in many resource
commodity markets— and find that trading forwards can have substantial implica-
tions for resource depletion. We show that when the firms’ initial resource stocks
are equal, the subgame-perfect equilibrium path approaches the perfectly compet-
itive (Hotelling) path as firms trade forwards frequently. But when firms have
stocks of different sizes, they can credibly escape part of the competitive pressure
of forward contracting. It is a unique feature of the resource model that equilibrium
contracting and the degree of competition depends on resource endowments (JEL
classification: G13, L13, Q30).

1 Introduction

Hotelling’s (1931) theory of exhaustible-resource depletion is a building block for under-

standing intertemporal allocation of a finite resource stock. The theory is used in myriad
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of applications which, without exceptions known to us, assume implicitly or explicitly
that the commodity stock is sold in the spot market only, thereby ruling out forward
trading despite the fact that it is commonly observed in many commodity markets and
markets for exhaustible-stocks in particular. Forward trading is typically associated to
the desire of some groups of agents to hedge risks but it can also arise in oligopoly set-
tings without uncertainty. As shown by Allaz and Vila (1993) for the case of reproducible
commodities, the mere possibility of forward trading forces firms to compete both in the
spot and forward markets, creating a prisoner’s dilemma for firms in that they voluntarily
sell forward contracts (i.e., take short positions in the forward market) and end up pro-
ducing more than in the absence of the forward market. In this paper we are interested
in understanding whether and how this pro-competitive effect of forward contracting can
also arise in an oligopolistic exhaustible-resource market.!

In exhaustible-resource markets firms face an intertemporal capacity constraint com-
ing from their finite stocks. Hotelling (1931) establishes a simple principle for monopolis-
tic allocation of the capacity over time: marginal value of using the capacity in different
periods should be equalized in present value. Under standard assumptions, the resource
depletion becomes more conservative when compared to the perfectly competitive path;
the monopoly sales are shifted towards the future as a way to increase the value of early
sales. An oligopoly follows the same (spot) allocation principle as the monopoly, with dif-
ferences in outcome analogous to those that arise between static monopoly and oligopoly.
Furthermore, this intertemporal capacity constraint rules out a direct application of Al-
laz and Vila (1993), because the overall output expansion is not possible. One may then
conjecture that for exhaustible resources forward contracting leaves oligopoly rents intact
(e.g., Lewis and Schmalensee, 1980; Ulph and Ulph, 1989).?

This conjecture is not correct, however. As in Allaz and Vila (1993), we find that
forward contracting can introduce substantial competitive pressure, but, as we explain
below, the mechanism delivering this pressure cannot be directly seen from their model.
As in their model, our subgame-perfect equilibrium (SPE) strategies have a Markov
structure in that they depend only on the current state of the market, which in our

case corresponds to remaining stocks and existing forward positions. We show that

! Phlips and Harstad (1990) already mentioned that forward contracting can have an important effect
on oligopolistic exhaustible-resource markets but they did not explain whether and to what extent firms

will sign forwards in equilibrium.
2Both Lewis and Schmalensee (1980) and Ulph and Ulph (1989) suggest that the existence of futures

markets validates the use of "path strategies", or more generally, allows firms to commit to production

plans.



when firms’ initial stocks are of equal size the symmetric SPE results in a delivery path
that converges to the perfectly competitive path as firms interactions become infinitely
frequent, i.e., in the continuous-time limit. Qualitatively, this outcome is not different
than in Allaz and Vila’s (1993) when we let their (single) spot market be preceded by an
infinitely large number of forward openings. However, when firms have resource stocks
of different sizes, they can credibly contain part of the competitive pressure of forward
contracting. It is a unique feature of the resource model that equilibrium contracting
and the degree of competition depends on resource endowments.

To illustrate the logic of how forward contracting introduces competition in the sym-
metric case consider first a stock so small, or period length so large, that the one-period
demand absorbs the stock without any storage. Forward contracting then plays no strate-
gic role because the overall supply is in any case to be consumed in one period. Take
now a shorter period length, or larger stock, so that consumption takes place over two
periods. Contracting preceding spot sales now plays a role: it induces firms to race for
a higher capacity share in the first period, the more profitable of the two periods. In
effect, forward contracting moves supplies towards the present, leading to a more effi-
cient allocation of the capacity. In the limit, when a given overall stock is sold arbitrarily
frequently, firms have a large number of forward openings to race for the more profitable
spot markets. The race ends when all spot markets are equally profitable, i.e., when the
allocation is perfectly competitive, as in Hotelling (1931).3

The above logic changes when stocks are asymmetric. The smaller firm can now
credibly use the forward market to increase its presence in the earlier (more profitable)
markets because it knows the large firm will find it optimal to reallocate part of its stock
to later markets in an effort to soften competition. In fact, in the two-period model, a
sufficiently small firm can commit to fully exhaust in the first period by contracting its
entire stock. If so, the larger firm has no contracting incentives. In this case, the small
firm strictly benefits from the forward market in that it allows it to implement its most
profitable, i.e., Stackelberg, outcome.? Qualitatively, the equilibrium implies that the
small firm free-rides on the large firm’s market power and exits the market first, as in
Salant (1976).°

3The use of forward contracting in the race for appropriating a larger share of the oligopoly rents
resembles the use of private storage in the race for appropriating a larger share of a common and
exhaustible resource in Gaudet et al. (2002).

4Note that adding more contracting opportunities before the spot openings does not change the
outcome in this two period example.

®Salant (1976) considers a game in which a large supplier and a fringe of competitive suppliers choose



Our strategy of exposition is to start in Section 2 with a two-period model illustrating
both of the above symmetric and asymmetric equilibria. While helpful in explaining the
basic mechanism, the extensive form of the two-period model is incomplete because firms
should be able to choose how long the market interaction lasts in equilibrium. For
example, firm ¢ may respond to firm j’s heavy contracting in period ¢ by avoiding own
contracting at ¢ and allocating more capacity to a less contracted period t + 1 instead.b
Despite this limitation, the main conclusions of the two-period model carry through to
a more general setting, although with considerable additional complexity.

In Section 3, we set up the general version of the model where deliveries and future
contract positions are chosen on a period-by-period basis depending on current physical
stocks and existing positions inherited from the past. In Section 3.2, we characterize the
properties of the symmetric SPE. We also describe the contracting dynamics showing
that contract positions are altered for all future dates in each forward market interaction.
Then, we solve the continuous-time limit of the discrete model for the symmetric case
and show how the equilibrium path converges to the perfectly competitive path.

We conclude this introductory section with a brief discussion of how this research
relates to three strands of literature. First, our work is closely related to the basic
exhaustible-resource theory under oligopolistic market structure. This literature has
focused on developing less restrictive production strategies for firms (from "path" to
"decision rule" strategies)” and also on including more realistic extraction cost structure
(towards stock-dependent costs).® None of the papers in this literature explicitly consider
the effect of forward trading on the equilibrium path. However, it is interesting that the

resource-depletion path suggested by the two-period model is qualitatively similar to

simultaneously their entire production path at time zero. He shows that there will be two distinctive
phases in equilibrium: a "competitive" phase with both type of players serving the market followed by

a monopoly phase in which only the large supplier serves the market.
This difference in extensive form is also an important difference relative to the Allaz and Vila (1993)

model where firms are trapped to face the prisoners’ dilemma in a particular spot market.
"Loury (1986), Polasky (1992), and Lewis and Schmalensee (1980) use path strategies; Salo and

Tahvonen (2001), for example, use decision-rule strategies. See Reinganum and Stokey (1985) for dis-
cussion of this modeling choice, and illustration in a resource context. For a recent survey on the

Hotelling model and its extensions, see Gaudet (2007).
8Salo and Tahvonen (2001) solve their model with stock-dependent costs, so that the overall amount

of the resource used is endogenously determined in equilibrium. In this sense, the resource is only
economically exhausted. In our model, the resource is physically exhausted as the cost of using it is
independent of the stock level. We leave it open for future research how replacing physical capacity with

economic capacity would alter the contracting incentives.



that in Salant (1976) where the overall sales period is also divided into two distinct
phases. In Salant’s model, there is a large supplier and fringe of competitive suppliers.
All suppliers are active in the competitive phase, which is followed by a monopoly phase
where only the large firm is active. Forward contracting among asymmetric firms leads
to a qualitatively similar equilibrium pattern, although the mechanism is very different
as well as the degree of competition arising from a given division of stocks.

Second, there is a recent literature on organization of trade in dynamic oligopolistic
competition under capacity constraints (e.g., Dudey, 1992; Biglaiser and Vettas, 2008;
Bhaskar, 2008; Talluri and Martinez, 2010). These papers focus on dynamic price com-
petition and also on the efficiency losses and changes in division of surplus caused by
strategic buyers. We depart from this literature by assuming non-strategic but forward
looking buyers, and we consider quantity competition in two dimensions (spot and for-
ward markets). Our result that the firm with smaller capacity sells first and at higher
prices sounds similar to Dudey’s (1992) but is, in fact, quite different. In our case the
large firm is active throughout the equilibrium and makes larger profits overall; the small
firm is only free-riding on the large firm’s market power, much the same way the fringe
is free-riding on the large firm’s market power in Salant (1976).

Third, there is a literature on forward trading starting with Allaz and Vila (1993) who
analyze a static Cournot market for a reproducible good. Mahenc and Salanie (2004)
show that price competition can reverse the effect of forward trading on competition.
Liski and Montero (2006), on the other hand, develop a repeated interaction model of
forward and spot transactions showing that forward contracting can expand the scope for
collusive behavior in part because the threat of falling into the non-cooperative outcome
becomes more effective. Given the result of this paper that contracting can add sub-
stantial (non-cooperative) competitive pressure, it is obvious that the same pro-collusion
argument applies in the resource context whenever the model is specified to allow for
non-stationary strategies. There is also a recent empirical literature looking at the effect
of forward contracting on the performance of some oligopoly markets, in particular, elec-
tricity markets (e.g., Wolak, 2000; Fabra and Toro, 2005; Bushnell et al., 2008; Fabra
and de Frutos, 2010).

2 Two-period model

The implications of forward contracting for the equilibrium of a depletable-stock oligopoly

can be best explained by first considering a simple model with only two periods. This



section will also introduce the notation and assumptions that will be used throughout

the paper.

2.1 Notation and assumptions

Consider two firms (¢ and j), each holding a stock of a perfectly storable homogenous
good, denoted by s¢ and s{, respectively, to be sold in two periods (¢ = 1,2). There
are no production (or extraction) costs other than the shadow cost of not being able to
sell tomorrow what is sold today. Firms discount future profits at the common discount
factor o < 1.

Firms attend the spot market in both periods ¢t = 1,2 by simultaneously choosing
quantities ¢! and qf . For tractability, we assume that the spot price at ¢, which is denoted
by p¢, is given by the linear inverse demand function p¢(¢i + ¢/) = a — (¢! + ¢! ), where
a is the (choke) price at which consumers (and firms) can buy a substitute good from a
perfectly elastic supply.

Firms are also free to simultaneously buy or sell forward contracts that call for delivery
of the good at any of the spot markets that follow. We treat these forward contracts as
pure financial commitments, so rather than physically delivering or acquiring the good
at the spot market firms can close their forward positions at the spot price p* € [0, al.?

For each period we assume a two-stage structure: the forward market precedes the
spot market where physical deliveries take place and contract positions are closed. In a
forward market, firms can take positions for any future spot market, including the present
period spot market (in this two period model no spot markets will open after t = 2).
Forward contracts by firm ¢ at ¢ = 1 for the first and second spot markets are denoted by
ffl and fb, respectively. Similarly, forward contracts at ¢ = 2 for period-2 spot market
is denoted by f§72. We adopt the convention that f? > 0 when firm i is selling forward
contracts (i.e., taking a short position) and f* < 0 when is buying forwards (i.e., taking
a long position). In this complete-information setting, we further assume that forward
positions are observable and enforceable.!® Note that while position f{"l is an obligation

that can be only closed at the spot market 1, the forward position for t = 2 can be

9This form of contracting is commonly known as a two-way contract for difference; see, for example,
Green (1999). Note that like in Allaz and Vila (1993) and Mahenc and Salanie (2004) our results do
not change if we restrict forward contracts to physical commitments and where firms could, if necessary,

cover their short obligations with the substitute good.
19The assumptions for the contract market are the same as in Allaz and Vila (1993), Mahenc and

Salanie (2005), and Liski and Montero (2006).



modified at the forward market in 2 by taking an additional (long or short) position f2i72;
thus, the aggregate position for period 2 would be equal to Fj = ff72 + f§72. Finally,
the forward clearing price (i.e., striking price) at ¢ when taking a position for 7 > ¢ is

denoted by pii -

2.2 Pure-spot trading

To understand the effect of forward contracting on the equilibrium path it is useful to
start with the case in which firms can only trade in the spot markets. A strategy for
player i in this pure-spot game specifies an output for period 1, ¢¢ < s¢, and an output
for period 2, ¢4, that is a function of the remaining stocks in period 2, s} and s}, where
st = st — ¢i. The SPE strategies are to be found by backward induction.

At t = 2 and given stocks s, > 0 and sé > 0, firm 7’s best response to an output

qg > 0 by firm j is given by
Rj(q3) = min{s}, arg max p5 (g5 + ¢3)g5 } (1)
a3
which leads to the (unique) equilibrium strategy

a/3 if si>a/3and s, >a/3
Gh(sh,53) =4 si if s, <a/3ands),>0 (2)
Ry(s})) if sb>a/3 and s} < a/3

for both 7 and j. These equilibrium strategies are simply Cournot strategies with capacity
constraints that result in output pairs within the inner envelope of the best-response
functions.

Consider now decisions in the first period. Depending on the size of the initial stocks,
st and s¢, we can have extreme cases in which firms never get to produce in period 2 or
that their first period decisions do not affect what they produce in period 2. As shown in
Figure 1, the former occurs when stocks lie in region (C,C), that is, when both firms are
sufficiently capacity constrained by their initial stocks that they sell everything in period
1. The equilibrium condition for this to happen is that the marginal revenue (M R) of
selling an extra unit in period 1 is equal to or greater than the marginal revenue of selling
that unit in period 2 at price a, i.e., MR! = a—2s' — s{ > da for both i and j. The latter
case, on the other hand, occurs when stocks are in the region (R,R), that is, when stocks
are so large that firms behave as if they where selling a zero-cost reproducible good. The

equilibrium condition for this is that marginal revenues equal zero in both periods and
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Figure 1: Spot trading equilibrium as a function of initial stocks

for both firms. It is clear that this happens when firms produce the Cournot output in
each period, which requires si, 5] > 2a/3.

Figure 1 also depicts cases of initial stocks within these two extreme. When stocks
are in region (H,C), for instance, we have that firm j is capacity constrained and sells
everything in period 1 (i.e., M R{ > oM RJQ) whereas firm 7 operates in a Hotelling world
of scarcity rents, that is, according to Hotelling’s equilibrium condition for an exhaustible
resource (i.e., da > MR} = MR}, > 0). Anticipating (2), for j to exhaust its stock in

period 1 and 7 to exhaust his in period 2 requires, respectively
a—2s] — ¢} > 6(a — qp) (3)
da>a—2¢ — sl =d(a—2¢5) >0 (4)

where ¢ = s} — ¢i. These equilibrium inequalities define the range of initial stocks
that make region (H,C). It is obvious from (3) that j does not want to move any of
its production to period 2. It is less obvious why could not we have an equilibrium
in which j is forced to move part of its production to period 2 so both firms end-up
producing in both periods. Such an equilibrium would require 7 to produce in period 1

beyond what is dictated by the equality in (4) resulting in M R} < §M R}; a violation of

8



the Hotelling equilibrium condition. Hence, when stocks are in region (H,C) the unique
period-1 equilibrium strategies are given by ¢i = [a(1 — §) + 20s% — s]]/2(1 + ) and
q = si.

The remaining regions of Figure 1 are obtained in the same fashion. In region (H,H),
both i and j’s production paths satisfy (4) with ¢! = [a(1 — §) + 3ds%]/3(1 + §); in
(R,H) firm 4’s production path satisfies MR} = MR, = 0 while j’s satisfies (4) with
¢ = [2a(1+26) —3057]/6(1 +0) and ¢} = [a(1—0)+305]]/3(146); and in (R,C) firm 7’s
path satisfies MR} = MR, = 0 while j’s satisfies (3) with ¢ = (a — s7)/2 and ¢ = .

Finally, note that from inequality (3) we can immediately see that p > dp5. Unlike
in a perfectly competitive exhaustible-resource market, here prices grow at a rate strictly
lower than the interest rate (marginal revenues grow at the interest rate). In other words,
oligopoly pricing depart from competitive pricing by shifting production from the present

to the future.

2.3 Forward trading for symmetric stocks

We now allow firms to engage in forward trading in addition to spot trading. To facilitate
the exposition we consider first the case in which firms have stocks of equal size st = s >
0, and leave the asymmetric case for the next section. A strategy for player 7 in this richer
game specifies (i) a vector of forward quantities or positions for period 1, f{ = (f{ ,, f1,);
(ii) an output for period 1 as a function of £/ and f/; (iii) a forward position for period 2,
fi4, as a function of £}, f/ and remaining stocks sy and s}, where s = si — ¢} > 0; and
(iv) an output for period 2, g3, as a function of Fj = fi, + fi,, F§ and the remaining
stocks s} and s3. Note that FY represents firm i’s overall position for period 2.

As in the pure-spot game, the SPE is highly dependent on firms’ initial stocks. If
stocks are very small, for example, we will see that forward contracting plays no strategic
role since everything is produced in the first period. If, on the other hand, stocks are
extremely large, we are back to Allaz and Vila’s (1993) analysis of forward contracting for
reproducible goods (and where a fraction of the stock remains on the ground). Note that
this result is particular to the two-period model because we are (artificially) restricting
the number of spot market openings. In the general model the number of periods in
which firms serve the spot market is endogenously determined, so no stock remains in
the ground.

To show how the equilibrium transits from one extreme to the other, it helps to

start by considering initial stocks large enough that firms serve both spot markets in



equilibrium and that firms are only allowed to sell /buy forwards for the first spot market,
ie., fiy = f3, =0 for both i and j (we will see shortly that in some relevant cases this
restriction in the number of forward openings is innocuous for the equilibrium). Working
backwards and given stocks s, > 0 and sg > 0, firm ¢’s best response to an output q*é >0
by firm j is given by (1). Invoking symmetry (ie., s; = s}),'! period-2 equilibrium
quantities reduce to
(s} 53) = min {s},0/3) 5)
which is the standard Cournot outcome with capacity constraints.
Consider now decisions in the first spot market. Given f{, and ff,u firm 4’s best

response to output q{ is given by
Ri(ai, fix, i) = argmax(Wi = pi()a + (Pl = PEC) f10 + 0P5()g5 (55, 55)]
1

where W7} is firm i’s payoff at the spot market in period 1 and ¢i (s}, s3) is given by (5).
Term (10{71 —pi(-))fi 1 is the open contract position that is to be closed immediately after
the spot price is realized. Due to complete information, the equilibrium closing value of
this position is zero but, nevertheless, firm i has an incentive to influence the value of
the position in the spot market as the spot price is yet to be determined. We rearrange
the payoff as

Wi =pi()(gi — fin) + 0p5()a5() + plofia (6)
where s = st — ¢i. Since the last term in (6) enters as a constant,'? the relevant spot
sale for firm i’s profits is not total production ¢ but ¢} — f{,. Firm i’s best response to
q{ satisfies the intertemporal optimization principle that discounted marginal revenues

should be equalized across periods, that is,

a—2¢; —q+ fi, =0(a—2¢;—q3) >0 (7)
where ¢ < st — ¢t.
Solving (7) for i and j, we obtain the period-1 equilibrium output
G+2ff,1_ff,l’a(l_5)+3552i+2ff,1_ff,1 >0 (8)
3 3(1+96)

qlll(ff,l, ffl) = min {

" Throughout this section and to save space, we will only focus on symmetric stocks and positions
because it is the relevant case for computing the equilibrium path.

2Note that if forward contracts were defined as physical obligations, the term p{J f{l would not
appear in (6) because it constitutes a revenue the firm pockets at the forward stage. Under financial
obligations, forward positions are closed at the spot stage, which explains why p{l f{l enters in (6).
Nevertheless, it enters as a constant, so it makes no difference for firms’ spot decisions, and thereby, for

their (strategic) forward decisions.
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The first term in the bracket is the relevant equilibrium quantity when, in equilibrium,
¢ +q < st (e, MR, = 6MR, = 0). This is the reproducible-good case where the
effect of forward contracting is well documented in Allaz and Vila (1993). Whenever firms
hold short positions, ffl, fﬂl > 0, they care less about the price effect of an increase in
production and therefore end up producing above the Cournot total output.!?

The more relevant case for our analysis, however, is when in equilibrium ¢} + ¢} = s¢
for both i and j (i.e., MR: = M R}, > 0). When the stock is fully exhausted, the period-
1 equilibrium output is given by the second term in (8). Despite a firm’s total production
is limited by its stock, the second term in (8) shows that forward positions can still have
an effect on spot competition in this exhaustible-resource setting by moving production
across periods (if firms hold no forward positions, ie., f{, = fﬂl = 0, we obtain the
oligopoly solution for region (H,H) in Figure 1). When firms hold short positions, f{,,
fil > 0, the spot market becomes more competitive in that firms are credibly committing
more production to period 1 (and less to period 2). This can be seen from condition (7):
contracts increase firms’ marginal revenues making them to behave more aggressively
in the spot market at 1. In fact, if f}, = fﬂl = a(1l — 9)/2, the perfectly competitive
solution is implemented.'* Conversely, if firms take long positions, i.e., f{ |, ff,1 < 0, the
spot market becomes less competitive; and when f{ , = fﬂl = —a(1—9)/4, the monopoly
solution is implemented.'®

Obviously, in equilibrium firms do not trade any arbitrary amount of forwards. In

deciding how many contracts to buy/sell, firm ¢’s evaluates the following payoff't
Vli = le(ffp ff1)

where W}( ff,p ff,1) are the spot (subgame-perfect) profits. There are no payments at
the forward stage, only writing of contracts. Rearranging terms, firm ¢’s overall profits

as a function of f{, and f/, can be written as

Vi = (01 — o) fia + 0idi(fias fla) + 0psab(sh(fivs f11), s5(fias f1))

" Note that if for some reason firms’ forward positions are long enough that a +2f{ ; — ff-y1 < 0, firms

will produce nothing in period 1 and close their positions at the choke price a (this also applies to the

second term in (8)).
4The competitive allocations when exhaustion takes two periods are ¢f = [a(1 — d) + 28s1]/2(1 + )

and ¢5 = s1 — ¢j. Note that because of scarcity rents, firms do not need to be fully contracted to

implement the competitive solution.
1" The monopoly allocations are ¢ = [a(1 — &) +4ds1]/4(1 + §) and ¢5* = 51 — ¢}".
16 Note that under physical commitments, the term P{J f{l would enter in i’s payoff because the

contract revenue is explicitly pocketed at the forward stage.
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where p; = pj(q;(f] ;. fl) + q{(ffﬁl,ff’l)) for t = 1,2. As in Allaz and Vila (1993), the
arbitrage payoft (pf1 — p§)fi, is zero. Speculators and/or consumers share the same
information as producers and therefore compete for forwards until p{l = p;, where pf
is the expected period-1 spot price that is a function of forward quantities f{, and ff,r
Thus, firms are left with the contract-coverage dependent Cournot profit from the two
periods, piq} + dpsgs."”

Continuing with the case in which ¢i(fi,, fi,) + ¢4(fi1, fl1) = si, firm 4's best

response to j’s forward position is

. . 1 .
L) =50-8) -3, (9)

which leads to the equilibrium forward sales

i ' a
f1,1 :ff,1 25(1—5), (10)
period-1 equilibrium output

g = ﬁ (ga(l — 6+ 3553) (11)
and period-2 equilibrium output ¢ = s, = si — ¢t.

The mere opportunity of trading forward has created a prisoner’s dilemma for the
two firms bringing them closer to competitive pricing (they still take positions below the
competitive mark a(1 — §)/2). Forward trading makes both firms worse off relative to
the case in which they stay away from the forward market. If firm j does not trade
any forwards, then firm i has all the incentives to make forward sales (i.e., fi, > 0)
as a way to allocate a larger fraction of its total stock s! to the first period, which is
the most profitable of the two (recall that pj > dp3). In the reproducible commodity
(Cournot) game, forward trading allows a firm to capture Stackelberg profits —given

that the other firm has not sold any forwards— by credibly committing in advance to

1"While Allaz and Vila (1993) outline the forward trading stage that justifies these conclusions, it may
be useful to explain why the mere existence of oligopoly rents gives rise to the contract market. Consider
a pure-spot Cournot oligopolist who is approached by a third-party with a proposal of a bilateral delivery
contract to be signed before the spot market. If the contract is observable and enforceable, it is a credible
commitment to serve part of the demand (the third party can deliver the contracted amount to the spot
market), so only some residual demand is left for the spot competition. Since the contract creates
rents by increasing the profits of the oligopolist, the third party and the oligopolist can always find
an agreement that profits both. This way there will be entry to the "commitment market" until these
rents are dissipated. If each entrant can provide unlimited commitment, it takes only two speculators

to arbitrate away the rents in the contract market.
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the Stackelberg production. In our depletable-stock game, forward trading allows a firm
to capture Stackelberg profits by committing a larger fraction of its overall stock to the
first period.

Note that the (symmetric) equilibrium characterized above is unique; any other equi-
librium, if it existed, would require one firm, say 7, serving only in period 1 and the other
firm, 7, serving in both periods. The latter can certainly happen for asymmetric forward
positions; for example, if f{, = a(1 —0)/4 and fﬂl = 0. But these forward positions do
not constitute an equilibrium since j’s best response to f{ is not 0 but Gjl.ﬁl( fii) > 0.
This "revision" lowers the spot price in period 1, which, in turn, makes i revise its for-
ward position downward and j revise his upward until both positions converge to the
equilibrium positions in (10) and with both firms serving in both periods.!®

We can now extend our discussion to the case where firms can also take forward
positions f;, (later we will also allow for positions fi,). Working backwards and given
stocks si = s, > 0 and positions fio = fiQ, consider the spot subgame at ¢ = 2. Firm

1’s best response to an output qg > 0 by firm j is given by
By (3: Fi: f32) = angmax W3 = [p3gs + (pay = 1) f30] < )
2

where Wi is firm i’s payoff in the spot market at 2. Solving, we obtain the period-2

equilibrium output

Qg g - ; at2fin—f3
4 (fo2: f2j2) = min {52» 2:’,)2 224 >0. (12)

Unlike in period 1, it is evident from (12) that forward contracting may do nothing

to period-2 spot competition if the remaining stocks s} and sé are small enough.

Lemma 1 Ifs, = sg < a/3, firms hold any positions for period 2 (including no positions)

that ensure ezhaustion in period 2 (i.c., ¢i(fis, fa) = sb for both i and j).

The proof is simple. Take s, = sg = a/3 and suppose firm j sells no forwards for
period 2 (i.e., fiQ = 0) and ask what would be i’s optimal amount of contracting. It is

evident that it is the amount that allows ¢ to implement its Stackelberg outcome. But if

18The reason why the contracting stage does not introduce the multiplicity of equilibria introduced
by the first-period production stage of Saloner (1987) is because firm i’s period-1 output is decreasing
in fljyl, so j has incentives to sell some forwards even if it believes ¢ has contracted enough to imple-
ment its Stackelberg outcome. In other words, forward contracting provides partial commitment unlike

irreversible production.
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sy = a/3 the best i can do is to produce ¢, = a/3 and let j produce likewise; in other
words, implement the Cournot outcome (and more so if s, = s < a/3). Taking a long
position, however, can be detrimental for i if it ends up selling less than s}, that is, if
a+2fy, — f§2 < 3sb. Thus, in equilibrium firms hold any forward position (including
no position) consistent with the equilibrium outcome g3(f,, f1,) = sb.

The situation changes when s, = s} > a/3 because now firms have Stackelberg

incentives to take short positions.

Lemma 2 If si = s} > 2a/5, firms hold short positions f3 , = fiQ = a/5 and sell only
a fraction of their remaining stocks in period 2 (i.e., g5(fs 5, fiQ) = 2a/5 < s for both i

and j).

The proof, including the uniqueness of equilibrium, is in Allaz and Vila (1993). When
stocks are sufficiently large the exhaustion restriction is no longer binding, so firms op-
erate as if they were selling a reproducible good.

The most interesting case for our analysis is the one in which remaining stocks are
neither too small nor too large such that firms operate in a Hotelling world where forward

contracting does matter.

Lemma 3 Ifa/3 < s}, = s% < 2a/5, firms hold short positions for period 2 that ensure
exhaustion in period 2 (i.e., f3, > 3s5 —a >0 and qé(fégfgg) = 5% for both i and j).

The minimum amount of contracting 3s — a is readily obtained from (12). The
intuition is as follows. If for some reason, j take a short position below 33% — a, firm 7’s
best response, in a effort to come closer to its period-2 Stackelberg outcome (i.e., produce
st and let j produce R (s}) < s3), is to increase its forward position above 3s% —a enough
to ensure its exhaustion while forcing j to leave part of its stock on the ground. But
this is clearly suboptimal for j. Here again firms face a prisoner’s dilemma. It would be
better for them to sell no contracts and produce a/3 < s} in period 2, but firms have no
means to stay away from the forward market.

Now that we understand the Stackelberg rationale for forward contracting in a market
where the total supply (i.e., stock) is fixed, we can extend our discussion to cover the case
where firms can also take forward positions for period 2 in period 1 (i.e., fi2 positions)
and where initial stocks can be of any size (we retain the symmetry of the problem).
Since forward contracting affects spot competition either by shifting production across

periods, when the exhaustion restriction is binding, or by adding more production, when
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part of the stock is left on the ground, it will also alter the thresholds that define the
regions where firms operate in equilibrium, namely, (C,C), (H,H) or (R,R). See Figure 1.
It is useful to structure the discussion that follows around the computation of these two
thresholds.

In computing the first threshold, the one that separates region (C,C) from (H,H), we
start by finding the size of the initial stocks below which forward contracting plays no

strategic role in equilibrium.

Lemma 4 If st = s} < a(1—46)/3, firms hold any positions (including no positions) that

ensure ezhaustion in period 1 (i.e., ¢ (fiy, fi 1, fia, fis) = st for both i and j).

The logic here follows that of Lemma 1. If j signs no forwards, there is nothing ¢ can
do to displace part of j’s production to period 2 since M R{ =a— 25{ — st > da. And
since everything is sold in period 1, there is no strategic role for forward contracting for
period 2.

But as soon as s (and s7) goes above a(1 — §)/3, there are Stackelberg motives to

sell forwards.

Lemma 5 Ifa(l —0)/3 < s = s < 2a(1 —0)/5 = s, firms hold short positions for
period 1 enough to ensure exhaustion in period 1 (i.e., fi, > 3s{ —a(l —6) > 0 and

@i (fi1. fl1) = st for bothi and j) and no positions for period 2 (i.e., fi, =0).

Analogous to Lemma 3, the minimum amount of contracting 3s} — a(1 —6) is readily
obtained from the second term in (8). Again, when stocks are relatively small both firms
end up taking forward positions that allocate all the stocks to period 1, so there is no
strategic reason to take a forward position for period 2.

Lemma 5 also indicates that s{* = 2a(1— §)/5 —the threshold that separates region
(C,C) from (H,H)— is higher than in Figure 1, a(1 — §)/3, because of the competitive
pressure introduced by forward trading that forces firms to sell more in period 1. Thus,
if stocks are above s{# | firms will necessarily serve both periods in equilibrium; and if

they are very large, firms will operate as if they were selling a reproducible good.

Lemma 6 If s| = s{ > 29a/35 = s, firms hold short positions for period 1 (i.e.,
fi1=a/5 for both i and j) and for period 2 (i.e., fi, = fi, = a/7 for both i and j) and
sell a fraction of their stocks (i.e., ¢i = 2a/5 and ¢& = 3a/7, where ¢i + ¢5 = sHE < st).

Again, the proof follows from Allaz and Vila (1993), as the overall capacity does not
constrain sales. The threshold s# that separates region (H,H) from (R,R) is also higher
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than in Figure 1 for the same competitive reasons. When stocks are above s the
two spot markets become disconnected from each other in equilibrium. The spot market
in period 2 is the more competitive of the two because it is proceeded by two forward
openings and firms take short positions in both.'” Note that in the general model, where
there is an unlimited number of spot openings, spot markets are always intertemporally
connected because firms have always the opportunity to attend the next spot market and
obtain da.

We are now ready to complete our characterization of the equilibrium when stocks
are in region (H,H), which is the most relevant case for our analysis because it illustrates

the basic workings of the general model.
Proposition 1 If s{# < si = s{ < sHB the SPE outcome for both i and j is given by

i i i a
(i) f1,1 _5f1,2 =H; = g(l —9),

, 5 . 4da
. . 7 >7 7 .
(“)f1,2—1_|_5{51 5}7

(iv) ¢, as shown in (11), and (v) ¢ = sb = st —qi > 0.

We first prove (i) and (iv). Let us work backwards from the spot market at ¢ = 1.
Given ¢, fi, and fi, (for both ¢ and j), if firms anticipate that in equilibrium s}, s3 > 0
and that these stocks will be exhausted in period 2, then, at the period-1 spot market,

they will choose quantities that equalize marginal revenues, that is,

a—2¢i —ql+ fi, = d(a—2¢,— g+ fi,), or
a—2¢ —q + (fi,—0fls) = 6(a—2dh—qj)

where ¢ = ¢i (s}, s3) = s} for both i and j. Therefore, the payoff-relevant variables in the
forward subgame are not the individual positions ff"l and ffg but the composite position
H{ = f{, — df,. By the same backward induction arguments laid out before (see egs.
(9) and (10)), we obtain that in equilibrium firms will choose f{; and f}, so as to satisfy
Hi = a(1—6)/5. On the other hand, given composite positions H? and H?, the period-1
equilibrium output is given by the second term in (8) with ff}l replaced by H!; and

YNote also that because pj > dp3 firms and/or consumers have no incentives to store today’s produc-

tion for tomorrow’s use.
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plugging equilibrium positions Hi = H] = a(1 — §)/5 gives (11). It is relatively open for
firms how much to trade in the forward markets, as long as their composite position H}
satisfies f{ | — df{, = a(1 —§)/5. For example, firms could fully contract their period-2
deliveries (i.e., fi, = ¢5) and simultaneously take short positions for period 1 equal to
fin=a(l—0)/5+ dg.

Parts (ii) and (iii) of Proposition 1, however, put limits as to how much firms contract
in equilibrium. To derive these limits, let us now work backwards from the spot market
at t = 2. Given equilibrium positions H{ and H {, remaining stocks are

=135 [ E -9 (13

for both i and j. Thus, if firm i’s aggregate position for period 2 is Fi = ff72 + f§72, the
period-2 equilibrium output is given by expression (12), after replacing replacing f2i72 by
Fi. Hence, the exhaustion of symmetric stocks at t = 2 requires Fi + FJ > 6s} — 2a.
Replacing s} by its equilibrium value in (13) and maintaining symmetry (i.e., Fi = Fj}),
we obtain part (iii) of the proposition. We now move to the forward stage at t = 2. Given
stocks s} = s} and forward positions fio = ffz, the equilibrium positions fj,(f],, ff72)
will depend on firms’ rational expectations as to whether exhaustion will occur at ¢t = 2
or not. If past positions, i.e., ff72 and ff72, are such that exhaustion is not expected to
occur, we can proceed as in Lemma 6 to show that period-2 equilibrium positions, in

such reproducible-good setting, are given by
i (g j a 1, L
f2,2(f1,27ff,2) = g - gf1,2 - gff2

and, thereby, that equilibrium aggregate positions are given by Fi( ff72, ffz) = fig +
fao(fia ffz) for both 7 and j. If, on the other hand, exhaustion is expected to occur,
then, aggregate equilibrium positions are given by Fi(fi,, f{,) +F3 (fi,, flo) > 655 —2a.
Based on these aggregate equilibrium responses for varying values of ff72 and ff72, we
can obtain the period-2 equilibrium output as a function of period-1 forward positions
as follows

qg(ﬁmffz) = min {537 2_; + gfb - %ﬁ2} >0
Therefore, if at the opening of the forward market in period 1 firms anticipate that
they will be exhausting at 2, then, their forward equilibrium positions must be such
that 2a + 3fi, — 2f{, > 5sj. Again, replacing s} by its equilibrium value in (13) and
maintaining symmetry (ie., fi, = ffg), we obtain part (ii) of the proposition. The
intuition behind part (ii) is that firms will not take a position in period 1 that will not

be able to credibly (i.e., sequentially rationally) undo in period 2.
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The proof of part (v) —that firms will exhaust in period 2 if si € (s{#, sff]— is

directly obtained from the application of Lemmas 5 and 6. In regard to Lemma 6, note
that if 50 = sJ = sP Proposition 1 predicts the following equilibrium outcome: (i)
fis =6y = all = 8)/5, (i) fiy = a/T(1+ ), (i) F} = 20/7(1 + 6) + ad/5(1 + 6),
(iv) ¢¢ =2a(1 —6)/5(1 +6) + 29a6/35(1 + 4) and (v) ¢, = si' — ¢¢. There seems to be
a discrepancy between the predictions of Proposition 1 and of Lemma 6 at the border
sH® There is none, however, because right at the border, discounting plays no role in
the intertemporal allocation of output in equilibrium (i.e., M R} = M R} = 0); hence, we
have a corner solution that for purposes of computing the equilibrium outcome calls for
0=0.

Proposition 1 shows a multiplicity of equilibria in the amount of forward contracting
that naturally raises a concern regarding the difficulty this may impose for computing
equilibrium strategies in games with a large number of market openings, like in the
general model. Fortunately, such multiplicity vanishes as we move to the more relevant
cases. As already seen in Lemma 6, it does when the exhaustion restriction is not
binding. But more importantly for our analysis, the multiplicity also disappears when
the stock at the period of exhaustion is sufficiently small. Indeed, Lemma 1 shows that
if s < a/3,% forwards positions for period 2 become strategically irrelevant (i.e., we can
just let fi, = f3, = 0 without any equilibrium consequences). In the general model,
where firms have always the opportunity to serve the next spot market and obtain da, the
stock at the period of exhaustion will necessarily fall below a/3; otherwise, firms will be
receiving cero at the margin. Thus, this two-period analysis tells us that in the general
model we can ignore forward sales to the very last spot market served by the two firms

and work backwards from the next to the last period.

2.4 Equilibrium for asymmetric stocks

We now look at the case in which stocks are of different sizes. Letting firm j be the smaller
of the two firms, we will study how the equilibrium in the two-period game changes as
we let 5] move from s = 0 to the symmetric case s, = s¢, where s is some fixed value in
the interval [a(1—0)/2,a(11—¢)/15]. Rather than looking at all possible asymmetries in
Figure 1, we restrict attention to values of s| that ensure no contracting for the second

period but nevertheless capture the essence of the asymmetric problem.

200r, alternatively, if si < a(11 — §)/15 (see part (ii) of Proposition 1). Note also that 4a/5 >
a(11 — §)/15.
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The case s7 = 0 is immediate. A monopolist (i.e., firm 4) will never sign forward con-
tracts because this would only introduce more competition to the spot market (selling
forwards has the same competition effect as selling part of the stock to a fringe of com-
petitive suppliers). Now, to understand how stock asymmetries affect the equilibrium
path when both firms hold some initial stock, it is useful to recall what firms seek to
implement through forward contracting: if one firm does not sell forwards, the other can
achieve Stackelberg profits by entering the forward market. Consider first the Stackelberg
outcome for the larger firm. Firm s first-best is to implement ¢/ = s} and ¢} = 0, i.e.,

it is optimal for ¢ to let j exhaust in period 1, if

sT < —a(l—94). (14)
Thus, when j is small enough, 7 will let j to sell only to the more profitable first period,
even if 4 could commit part of its sales before j takes any action.?!

Consider now firm j’s Stackelberg outcome. If allowed to move first, j would like to

sell its entire stock in the first period as long as

sl < —a(1-9). (15)
It is intuitively clear that when we consider j’s own stock, j’s first-best (i.e., Stackelberg)
threshold for leaving stock for the less profitable second period is larger than in (14).
These inequalities imply that both firms prefer j’s early exhaustion in period 1 when
j is small enough, i.e., (14) holds, and then there are no incentives to contract by either
firm. However, j can extend its commitment to sell early by using the forward market

even when its stock exceeds the level identified by (14).

Proposition 2 If

1 ; —2v/2
Za(l—é) <s < %a(l —6) =57,

firm j implements its Stackelberg (i.e., first-best) solution: There is a two-period equilib-
rium where © does not contract at all (i.e., ff,1 =0) and j commits to sell only in period

1 by contracting fﬂl according to

. . 4 . 1
ff,1 > fuin(s1) = 5531 - ga(l — )

21 The proof is immediate and, therefore, ignored here. Set fi1 = 0 and solve for i’s best response in
the forward market and then use the chosen position to find the equilibrium deliveries. Alternatively,

one can change the timing in the pure spot market model to find the Stackelberg allocations.
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Proof. See the Appendix.?? m

Proposition 2 says that j needs to contract at least fmm(s{) to achieve its first-best.
Note that contracting incentives just disappear, i.e., fmin(s]) = 0, when s, = a(1 —6) /4.
Note also that if j contracts nothing when its stock is above the threshold in (14), 7 could
achieve its first-best by taking a short position that would shift part of j’s sales to period
2. But j can prevent this by making the spot market in ¢ = 1 less profitable to ¢ through
its own contracting —minimum contracting fmin(s{) is calculated as a position that keeps
i unwilling to sign contracts. Contracting more than fu(s7), e.g., fﬂl = 7, is more than
enough to keep i away from the forward market until (15) holds as an equality.

When j’s stock is above the Stackelberg threshold s in Proposition 2, i’s first-best
is to make j to deliver also in period 2 by taking a short position for period 1. Then,
firm j contracts according to (9), i.e., G{‘,l( fi1) > 0, which leads j to delivering in both
periods. But if j is expected to deliver in both periods, firm 7’s best contracting response
must also be given by (9). Therefore, when both firms are active in both periods the only
possible equilibrium is that both firms take position a(1 — §)/5 in the forward stage.??

This two-period model illustrates how asymmetries can help firms to escape the com-
petitive pressure introduced by the forward market. In fact, the smaller firm can greatly
benefit from the forward market in that it may be able to implement its Stackelberg
solution (unlike the larger firm which has nothing to gain from the opening of the for-
ward market). Another way to appreciate how such stock asymmetries can suppress the
pro-competitive effect of forward trading is to ask what would be the equilibrium conse-
quences of adding a forward market before the opening of the spot markets, say, at ¢t = 0.
(this is important in a more general setting where spot markets in the distant future are
preceded by a potentially large number of forward openings). Unlike in the symmetric

case, there would be no consequences: f({l = fuin(s]) and foi=H.1= ff}l =0.

22Note that s77 = 0.434a(1 — 0).
ZNote that the symmetric contracting equilibrium extends below the threshold s;? in Proposition

2. In fact, for s € [2a(1 — 8)/5,55T] both equilibria coexist (and with one in mixed strategies) but
the asymmetric equilibrium Pareto dominates (i.e., better for both firms) the symmetric one. Likewise,
the asymmetric equilibrium extends above s up to the threshold a(1 — §)/2 in (15); within this range
there is no Pareto ranking of equilibria, however. In any case, this multiplicity is specific to the two-
period setting and is inconsequential more generally because even small asymmetries in initial stocks
will generate large asymmetries in the future as the smaller firm exhausts its stock (in Liski and Montero
(2009) we formally show how this multiplicity dissapears in a three-period model where the smaller firm
is active in the first two periods). Furthermore, this multiplicity (note also that s77 > s{'#) complicates,

at least in some regions, the redrawing of Figure 1 when both spot and forward trading are present.
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The two-period model also illustrates how forward contracting reinforces the fact that
asymmetric firms will generally exit the market at different times. It expands the stock
threshold for which firm j would exit the market after the first period from s} < a(1—§)/3
—the threshold under pure-spot trading (see Figure 1)— to ] < s37. This is because
forward contracting makes the small firm to increase its deliveries to earlier periods (to
t = 1 in this two-period model) while the large firm to do the same to later periods
(where the smaller firm is absent).?*

Finally, it is interesting to point out that introduction of firms’ asymmetries in the
resource model has a different effect than in the reproducible-good model of Allaz and
Vila (1993). Asymmetries in the reproducible-good model come from considering firms
of different marginal cost of production with the "large" firm being the one with lower
costs.?? As shown in the Appendix, it is now the large firm the one that can greatly
benefit from the forward market. In fact, when the cost difference is large enough the
large firm can use the forward market to credibly implement its Stackelberg solution that

is to fully displace the small firm from the market.?

3 General model

There are ¢ = 1,..., N < oo periods; each with a forward market opening followed
by a spot market opening. At the forward stage in ¢, firms simultaneously decide the
(additional) forward positions they will take for each and every future spot market,
ie., ff = (f{s, fiosr, - fin) for both i and j. Likewise, at the spot market in ¢ firms
simultaneously decide their (non-negative) deliveries ¢/ and ¢ .

The history of the game after ¢ — 1 periods (i.e., at the beginning of period t) is
denoted by h; and composed by the initial stocks, s¢ and s{, and the sequence of forward

positions and deliveries, (£, fi,....f' |, f ) and (¢¢,q!,...,q' 1, q! ), respectively. Given

24To see the latter consider any s{ such that under pure-spot trading firm j would serve both periods
but that with forward trading would only serve period 1. Firm i’s deliveries in period 1 under pure-
spot-trading and with forward-trading are, respectively, ¢ = [a(1 — &) + 3ds%]/3(1 + 4) and ¢ =
[a(1—0) + 205, — s7]/2(1+0). Then, ¢} < @ (and ¢ > ) iff 5] > a(1 —§)/3, which precisely indicates
the range where j serves both periods in pure-spot equilibrium.

25 A lower marginal cost in the reproducible-good model implies a larger market share in the pure-spot
(Cournot) game. Similarly, a larger stock in the resource model implies a lower opportunity cost of

selling today instead of tomorrow.
26de Frutos and Fabra (2009) also find that firms’ asymmetries affect the way forward contracting

influence the degree of competition in the spot market.
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these sequences, remaining stocks at the end of ¢ — 1 are equal to s! = st — S0 ¢t

for both ¢ and j, and aggregate forward holdings for future spot markets are equal to
Fi | = (Fj({t—1),F,({t—1),.., Fy(t—1)) for both i and j, where F}(t) = >",_, fi,
is the aggregate position that firm ¢ holds at ¢ for the spot market that opens at A > t.
Thus, for example, Fy(t) = F(t — 1) + f},.

A forward-sale strategy for firm 7 is a collection of functions
f' = (£i(-), . £y ()

where function f/(h;) specifies firm 4’s (additional) forward positions as a function of the
history hy. A forward-strategy profile is denoted by f = (£, f7).

A spot-sale strategy for firm 7, on the other hand, is a collection of functions
q' = (41 (); ()

where function ¢ = ¢!(h}) specifies firm 4’s output as a function of the history at the
opening of the spot market in ¢, b} = (h,fi,£/). A spot-sale strategy profile is denoted
by q = (q°,q’). Thus, a strategy profile (f,q) together with the initial history h; =
(si,s),fi = £] = 0) generate an outcome path that characterizes the development of the
stocks, si.; = s} — ¢;, and of the contract coverages, F; = F;_, + f/, for both i and j.

Given some strategy profile (f,q) and history A}, firm i’s payoff at the spot stage in
tis

Wi f.a) = i C)ai + 32, vl = PO ) + Vil £.q)

where V/'; (hy11, £, q) is the continuation payoff at the forward stage in ¢ + 1 and hyyq =
(h, qt, q{ ). At the spot stage, firms not only attend the spot market but also close their
forward positions at the spot price pf. But as explained in the two-period model, forward
contracts for period t are traded at the expected spot price at t; hence, in equilibrium
pit = p; for all k (agents correctly anticipate the effect of forward positions on future
spot prices, or more precisely, on firms’ deliveries). In addition, since forward markets
are only used to write contracts (i.e., to take positions), firm ¢’s payoff at the forward
stage in t is simply
Vi(he£,q) = Wi, £, q).

The strategy profile (f' ,q) constitutes a subgame-perfect equilibrium (SPE) if for any
t and history h;,
£ (h) = arg max Vi (hy, (', ), @) (16)
£
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and for any ¢ and history h;

() = argmax Wi (. £, (d', &) (17)
:

where ' = (.., f,£,,(-),.... k() and @' = (..., ¢}, ¢ 1 (), -, Gy ()" Using backward
induction we can construct the SPE strategies, which we have already done in Section
2 for the case N = 2. There, we also showed that the pay-off relevant history at the
beginning of period ¢t = 1,2 was just the current state that consisted of remaining stocks,
st and s{ , and existing aggregate positions, F! ; and F{_l, so we could safely write
he = (si,s],Fi_|,F] ). We now extend the analysis to show that the same holds for
any N > 2.28 However, we restrict attention to the symmetric case, which we can solve

explicitly.

3.1 Symmetric equilibrium

Assume that initial stocks are the same, that is, s: = s7. If stocks are too large in that
they do not affect the equilibrium outcome, equilibrium deliveries follow the Allaz and
Vila’s (1993) rule for reproducible goods, which is

i J t
4 =9 = ma

where ¢ = 1, ..., N. Supplies increase and thus prices decline over time, so there are no
incentives to store the good either. We rather want to focus in equilibria that are not
constrained by the length of the game, i.e., where initial stocks imply exhaustion before
the final stage N (in terms of our two-period model, we want to avoid be in the (R,R)
region). Therefore, we assume stocks are insufficient to support the Allaz and Vila (1993)
outcome: N .

sy =5 < thl FynpTL
Furthermore, we assume that stocks are not that small either that they will be exhausted

in just one period (see Section 2).

2TNote our abuse of notation: the argmax operator in (16) returns a vector of positions not a single

argument.
28 The two-period game serves in turn to define the continuation payoff for a game with three periods.

Proceeding in this manner for any N > 2 we can establish the structure of the equilibrium strategies, as
done in Appendix for the symmetric equilibrium. Note the similarity of this procedure to that in Kahn
(1986).
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Proposition 3 Consider N < oo. Let T be the equilibrium stock-depletion time, where

2 <T < N. Then, the symmetric SPE deliveries are given by

i g ﬂ n—2 5h . 1 511—1 1 t 5n—1 i 1 18
qy = q; {3 [ h=0 (n ) ] + 3+ 2t + St ZZQ% 5 ( )
wheret =1,2,.., T —1 and n =n(t) =T —t+ 1 (number of periods to reach exhaustion

in equilibrium). Furthermore, ¢ = g = s — 31" ¢/ and ¢} = ¢} =0 for all t > T.

Proof. See the Appendix.

We start the proof by finding the equilibrium solution for the last three periods
before exhaustion (i.e., T'— 2,7 — 1 and T'). Based on this solution we then formulate
an induction hypothesis specifying deliveries and contracting patterns for any period
T >t > 1. Equilibrium deliveries are determined by best responses in the forward and
spot stages of each period as dictated by (16) and (17).

From (16), we have that at period ¢ the equilibrium contracting choice ftft satisfies
Vi (:)/0f, =0, that is

ops , . : 0 . Ost aq!
{ﬂ(CJi—FZ(t—l))ereré V] St“} g

oai EC T
o . . 0 o g’
Wi — Bt — 1)) + 6=y, L {00
aqf ast+1 aqg aft,t

for both ¢ and j. The first line is the pro-competitive effect of forward contracting showing
how firm ¢’s own overall contracting tends to shift production to the present, and the
second line is the strategic investment effect capturing firm ¢’s incentive to push firm j
away from the more profitable current market.

In equilibrium, however, firms use each remaining opportunity at period ¢ to make
additional contract sales for future spot markets as long as there is stock left for delivery
in those spot markets. These contracting choices at ¢ for future spot markets satisfy

Ofie  Ofix Ofix

for all k£, where T" > k > t. Firms have an incentive to take positions for k£ due to the so-

called prisoner’s dilemma effect introduced by the mere existence of the forward markets.
But in this framework, future contracting has spillovers to the present: heavy contracted
future spot markets tend to increase the relative profitability of earlier spot markets,
influencing how each firm decides how to allocate its stock across the spot markets.

Current deliveries are thus influenced by future positions in potentially complicated ways.
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In the Appendix we show that, due to linearities in cost and demand, best responses for

spot quantities at ¢ depend only on the composite contract position held at ¢
n—2 7 n—
= g M FL(t) = 8" T Fa(D)

withn=T—-t+1%
On the other hand, from (17) we obtain that equilibrium quantities at ¢ satisfy

Ip; 8‘/? 1
—F)+pi=6— 19
aQtZ( ) ' Si41 (19
for i and j. Solving for both ¢ and j (see the Appendix) leads to
% a n— n— n— 2 7 1 1
= |5 Linal0" = (0 =)D + 8 s g = Y e (20)

It is clear from (20) that future contracting influences spot deliveries through the com-
posite H! and not through individual positions. Thus, contracting best responses reduce
to the choice of H{, which in turn depends on the current forward choice f{. We find that

in (symmetric) equilibrium H; takes the form

Z_L n—=2/ch _ n—1
Hi = a3 200" = (n = 1)6" ) (21)

with n =T — t 4+ 1. This latter expression together with the quantity best-responses in
(20) lead to the symmetric equilibrium deliveries in Proposition 3.

To illustrate the effect of forward contracting in this more general setting, it helps
to contrast the delivery rule in Proposition 1 with the one in the equivalent pure-spot
(symmetric) game. Suppose, for example, that it takes three periods to exhaust in pure-

spot equilibrium. For this to be the case, it must hold
a—2¢i —qp = da—2q— ), (22)
a—2¢—q, = 6(a—2¢ —qj), and (23)

(¢ +a5+d) = s (24)

(
(

for both ¢ and j (marginal revenues are equalized in present value and stocks are fully

depleted). These conditions lead to first-period deliveries

1
(1+6+6%)

2 Note that in the Appendix H} would be denoted as H}(t). More generally, in the appendix we will

—F = { (146 — 28%) + 8% } (25)

refer to Hj(t) as the composite position held at ¢ for the spot at k > t.
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More generally, if 7 denotes the equilibrium stock-depletion time in this hypothetical
pure-spot game (where 2 < T < N ), then the equilibrium delivery in period ¢ is

i~ a A—2 ch ~ fi—1 fi—1 i 1
o g = {22 5h (- 1)8 }+5 5}7
qt qi {3 [Zh—o ( ) t ZZ;é 5h
with i =T —t + 1.
Now, rewrite (18) to obtain
1 1 H

g = = {5 [Ti 0" — (n— D5 + 0" s (26)

Siadt 3
where H! is the equilibrium composite as defined in (21). Without forward markets,
H! = 0 and firm i’s delivery is, not surprisingly, equal to the pure-spot delivery. Thus,
the last term in (26) captures exactly how contracting increases supplies in a given period
relative to the pure-spot case. For example, if T is very large and we are two periods

away from exhaustion (n = 2), then H: | is close to

éa(l - 5)7

and deliveries ¢, = ¢, to

1 i
m(a(l —0) + 2657 _4),

which are equal to the socially efficient deliveries in the first period of a two-period model

with initial stocks equal to sh_; = s} .

3.2 Continuous-time limit of the symmetric equilibrium

We just saw that the number of forward openings before any given spot market has
an important effect on the degree of competition in that spot market. Thus, the size
of the stocks, which determine how many times the market must open to exhaust the
overall capacity, will influence the degree of competition. Alternatively, we can take the
stocks as given and measure the frequency of transactions by the period length. We can
always set the period length long enough that any initial stocks holdings are consumed
in just two periods, so firms face the prisoners’ dilemma from contracting only once. If
we reduce the period length, depletion of the same initial holdings necessarily requires of
more periods; in the limit when we let the period length vanish, the two-period model is
transformed into a continuous-time version. In such a case, the firms face the prisoners’

dilemma arbitrarily many times after any positive interval of time. Nevertheless, it is not
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a priory clear if the overall capacity constraint puts a limit to this competitive pressure.
We explore this next.

It proves useful to explain first how the period length can be incorporated into the
pure-spot game. Let A denote the period length and suppose for now that it takes
three periods to exhaust the initial holdings (s} = s!) in equilibrium. The corresponding

equilibrium conditions are (22), (23) and
Algy + 63 +a3) = 51

which lead to the same first-period delivery as in (25), except that the stock is scaled by
the period length, i.e., s is replaced by si/A. More generally, if the symmetric pure-spot

equilibrium lasts for 7" periods, then the equilibrium delivery at ¢ is

1

P (27)
ho 0"

5 ~J a n— = n— (O Si
=i = {3 [T - - v ] i

where 7 = T — ¢t + 1. It is thus clear that the period length only scales the stock holding
st. The same conclusion holds for deliveries in the forward-contracting equilibrium: the
effect of contracts on deliveries, measured through H in (26), depends only on the number
of forward openings, but not on how short or long these openings are. Therefore, the
delivery rule (26) remains the same except that the stock holding s! must be scaled by
the period length as done in (27).

Fixing A > 0, we can find a game long enough N = N(A) such that the stocks
are exhausted in 7' = T(A) < N(A) < oo periods. As explained in the Appendix, the
(scaled) delivery rule (26) implies a finite exhaustion time even if A — 0; we denote this

exhaustion time by Y. Also, we denote by 7 the time elapsed after ¢ periods, so t = 7/A.

Proposition 4 Let T(A) < N(A) for all A > 0. As A — 0, the symmetric SPE
deliveries become arbitrarily close to the socially efficient deliveries at any given time

7> 0.

Proof. See the Appendix.
In the Appendix we show that the continuous-time deliveries at T > 7 > 0 are (r is
the instantaneous interest rate)

(@ 1t o) e
=9 =5 or(T—1) _ 1 or(T—7) _ 1

which correspond to the socially optimal supply at 7 for a given remaining stock st.
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Intuitively, as A — 0, it must be the case that ft{t — 0 soon after the start of the
game: the cumulative contract positions Fi and F/ almost instantly converge to their

equilibrium levels. The social optimality of spot actions, given F! and F/, requires

dla—q, —q — (¢, — F})]/dA =, (28)

i.e., marginal revenues, after controlling for contract coverage, to grow at the rate of
interest r > 0. Denoting uncovered deliveries by u! = ¢! — F!, condition (28) can be

rewritten as

dps /dA — dul/dA =7 (29)

But from Proposition 4 we know that when A — 0 prices grow at the rate of interest,
which implies
dul/dA =0 (30)

for both 7 and j. It then follows that in continuous time u! = 0 for all 7 > 0, that is,
firms are fully contracted as soon as F¢ and F/ have converged to their equilibrium levels,

which happens almost instantly when A — 0.3°

4 Concluding remarks

We found that forward contracting can have substantial implications for resource deple-
tion in a non-cooperative oligopolistic environment. In fact, we showed for symmetric
firms that the subgame-perfect equilibrium path approaches the perfectly competitive
path as firms take an increasing number of periods to deplete their stocks. We also
showed, however, that when firms have initial stocks of different sizes, they can credibly
contain part of the competitive pressure of forward contracting. It is then a unique fea-
ture of the resource model that equilibrium contracting and the degree of competition
depends on resource endowments. Although formally our asymmetric result comes from
a two-period model, it follows from a simple principle and we see no reason for it not
to hold in a more general setting, i.e., the forward contracting reinforces the fact that
asymmetric firms exit the market at different times. In other words, the mere possibility
of trading forwards leads, in equilibrium, to the smaller firm to exhaust earlier and the

larger firm later relative to the pure-spot equilibrium outcome. We also showed this for

30This also shows neatly why forward contracting cannot support the open-loop equilibrium of the

pure-spot game. Firms become fully contracted only when the market reaches perfect competition.
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a three-period model in our working paper (Liski and Montero, 2009).3!

It is yet to be discussed whether and to what extend forward contracting could also
affect the possibility of collusion in this market. Recall that for a reproducible-commodity
market, Liski and Montero (2006) have already shown that forward trading increases the
scope of collusion —independently of the form of competition— by allowing firms to either
construct harsher punishments or limit the deviation profits. Whenever nonstationary
and collusive strategies are feasible in a pure spot-trading equilibrium in the resource
context, then forward contracting should make it easier to sustain them. In the resource
model, collusive strategies can exist when the overall consumption horizon is infinite, for
example, due to (high) stock-dependent extraction costs or an infinite choke price —the
price at which demand falls to zero. But when the choke price is finite and there is
a gap between this price and the cost of extracting the last unit, as in our model, the
consumption horizon is finite (both under perfect competition and monopoly), stipulating

additional modeling assumptions facilitating the construction of collusive strategies.3?

5 Appendix

5.1 Proof of Proposition 2

We derive foin(s]) as follows. First, we find the Stackelberg (i.e., first-best) payoff and
deliveries for i (the larger firm), given that j is holding some contracts ff71. This defines
the most 7 can achieve in the original game. Second, we find the contracting level fﬂl that
induces j, "the follower", to produce only in the first period. This will define fmm(s{).
Given this level of contracting by j, ¢ can implement its first-best in the original game
by taking no position and letting j to sell only to period 1. Third, we will derive the
Stackelberg threshold s77, under which this characterization holds.

Consider the first-best choice of ¢i. Given ¢¢ and fﬂl, J’s best-response satisfies (recall

31Tn the working paper we also provide a discussion on how to build an approximate solution for this

asymmetric case in the general model.
320ne may borrow an insight from the durable-good monopoly literature and ask whether firms could

sustain a collusive path that only asymptotically approaches the choke price, very much in the spirit of
Ausubel and Deneckere (1989) and Gul (1987). Such a collusive path is however harder to sustain here:
in Ausubel and Deneckere (1989) and Gul (1987) the punishment path entails zero profits for firms (so
it is always possible to fashion an asymptotic collusive path where the present value from colluding is
greater than the one-shot deviation profit), whereas here the sellers receive a positive resource rent that

may provide more surplus than the collusive plan, at least in the final part of the collusive plan.
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that st < sH® which guarantees exhaustion in period 2)
a—2q] —qi + fly = 8(a—(s) —a1) = (s1 — i) — o(s] — i),
which leads to

a(qy, fiy) = (a1 = 6) + 2051 + fi; — (14 0)q; + 0s}) 13

On the other hand and given f{l, firm ¢’s first-best payoff is
max{pi(gr, ¢1(g1, f.0)gi +0p3(s1 — a5t — (i, f))(s1 —ab)}-
1

Solving

o , . 1
¢ (fl,) = (a(l = 6) + 208} — f1,) 20 +0)

and evaluating the follower’s best-response gives

S . . . 1
@(a(fia) fin) = (a(l —0) +4ds1 + 3ff,1) 4(1+406)

Contracting fumi(s7) is defined by
(i (fa), fla) = si-

Finally, the Stackelberg threshold s77 is found as follows. If the second term in (8)
results in ¢] < s given (symmetric) contracting fii= fﬂl = a(l — 9)/5, then, both
firms could be active in equilibrium in period 2. This defines a lower threshold, i.e.,
s] > 2a(1 — §)/5, for the symmetric contracting equilibrium to be valid. The proof
follows that of Lemma 5. A second equilibrium is also possible when s} > 2a(1 — §) /5.
First, note that since (15) holds, j’s best-response to f{, = 0 is fmin(5]). On the other
hand, firm i’s best-response to fum(s]) is indeed fi1 = 0 provided s7 is not too large (we
omit the exact number here). Firm i strictly "prefers" this latter equilibrium if it leads
to a payoff larger than that under the symmetric contracting equilibrium. Comparing ¢’s

payoffs, we find this to be case if (to save space we do not report the payoff expressions)

5— 22

J
s <
1= 5

a(l —6) =577 =0.434a(1 - 9).

5.2 Allaz and Vila for asymmetric firms

Consider two firms (i and j) producing a reproducible commodity with marginal costs,

respectively, ¢; and ¢; with ¢; < ¢;. Firm ¢ is the "large firm" in the sense that it has
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a larger market share in the pure-spot (Cournot) game. Firms attend the spot market
by simultaneously choosing quantities ¢* and ¢’. The spot price p* is given by the linear

inverse demand function p*(¢‘ + ¢’) = a — (¢' + ¢’), with
g—a=A<a—g

so that both firms produce in pure-spot equilibrium. Before the opening of the spot

market firms are also free to simultaneously take forward positions for the spot market

that follows. Forward transactions are denoted by f? and f7 and the forward price by p’.
At the opening of the spot market, and given f* and f/, firm ¢ solves

max W =p*()¢" — i’ + (" —p°())f"

Using both first-order conditions, we find that the subgame-perfect spot quantities are

given by , .
L L (31)
R (32)

Anticipating the equilibrium outcome (31)—(32), at the forward stage firm i solves

(arbitrage profits vanish, i.e., p/ = p°)
wax W' (f, ). (F 1) = p*a (' ) = g (' )
with p/ = p* = p*(¢(f%, f7) + ¢ (f%, f7)). Applying the envelope theorem leads to

op! ¢’
aq Of

op’ aq
Oq afz

op* O¢’
g Of?

[T+ == (¢ —f)—p"=0

which reduces to ) )
B I T N
3f +t34 (f" 1)
Replacing ¢'(f*, f7), we obtain the (equilibrium) forward positions

54— 3¢+ 2¢j
= 5 ’
a — 3¢; + 2¢
5!
For fi and f7 to be equilibrium positions we require ¢'(f#, f7) > 0 and ¢/(f%, f7) > 0

P

Since the restriction for j is more demanding, we actually require
C A A 2
7)) = E la —3¢; +2¢;] >0
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or
CL—CJ'

2

Note that f7 < 0 is the same as ¢/ (f#, f7) < 0, so we cannot have an equilibrium where

A<

(33)

7 goes long in an effort to increase prices.

Let us now look at firm ¢’s Stackelberg outcome in the absence of forward trading.
It is easy to show that it is Stackelberg optimal for ¢ to leave j outside the market if
A > (a — ¢j)/2. In such a case, ¢ will produce ¢ = a — ¢; leading to an equilibrium
price equal to ¢;. Therefore, when firms are sufficiently different, i.e., condition (33)
does not hold, the opening of the forward market allows the large firm to implement its
Stackelberg solution with a price a bit below ¢; and leaving firm j outside the market.
More precisely, whenever a — ¢; > A > (a — ¢;)/2, firm ¢ implements its Stackelberg
outcome by selling f* = fiuin to just keep j away from the spot market (if A = (a —¢;)/2
then fom = f’l and if A = a — ¢; then fi,;, = 0) with final quantities equal to

qi(.fi:fmim.fj :0) =a—¢G

qj(.fz = fminy.fj = 0) =0
Unlike in the exhaustible-resource case, here it is the large firm the one that strictly

benefits from the opening of the forward market.

5.3 Proof of Proposition 3

The induction hypothesis specifies a structure for the equilibrium deliveries and contract-
ing positions at some step n > 2 (recall that n indicates the number of periods before
exhaustion in equilibrium; we deliberately use the term step instead of period to make
clear that we are moving backwards in time: step 2 is two periods from exhaustion, step 3
is three periods from exhaustion, etc.). Assuming that such structure holds for n we then
show that it also holds for n + 1. We arrive at the equilibrium hypothesis by explicitly

solving equilibrium deliveries and positions for n = 1,2 and 3.

5.3.1 Stepn=1

Since T' < N is the period of exhaustion (i.e., the last period of production), step n = 1
is simply period T, and thus ¢! = s} for both 7 and j. Note that for this proof ¢!, and s’

denote firm ¢’s deliveries and stock at step n, respectively.
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5.3.2 Stepn=2

Let F' (n) denote the contract position held at step n for the spot market at step m. The
spot market at step n = 2 opens with positions F2(2), FJ(2), Fi(2) and F}(2). However,
from our two-period model, we know we can set Fi(2) = F/(2) = 0 without any loss of
generality.*® The spot best response for each firm i solves
ol (ah = @), jOViosi _ 5
9q; ds1 0gy

where V' = piq¢ = pis’ from step n = 1. We can rewrite (34) as

a— 2 — 3+ F3(2) — 6(a — 2¢; — 1) = 0.
that together with ¢! = s, — ¢ and ¢/ = s} — ¢} yields the subgame-perfect deliveries
1 1

, 1 2 .
P=|= — L —FY(2) — =FJ(2)| ——.
ds 3&(1 ) + 985 + 3F2(2) 3 2( ) 116

(35)
for both 7 and j.

Consider now the choice of Fi(2) in the forward stage of step n = 2 given the previ-
ously taken position F3(3). Note that F3(2) = F3(3) + f3,, where f3, is the additional
contracting at n = 2. In this proof we can consider the choice Fi(2) directly. This choice

satisfies:

{3[p§-(Q§—F§(3))1 53‘/1i35§} dqs

943 0s1 Ogs J OF3(2)
L Jolps (g — F5B3))] | ;OVi0si | O
o) 0s] 0qj | OF3(2)

for both i and j. Using dgi/0F*(2) = 2/3(1 + 6) and 9q}/0F’(2) = —1/3(1 + 4) from
(35), we obtain

i 3 i 2 igay i s i 1

[a —2¢5 — @ + F3(3) — 6(a — 2q; CI{)] 3(1+0) + [F2(3) 42 5971] 3(1+0)

The above implies that subgame-perfect deliveries, as a function of previously taken

positions, can be expressed as

2 1

i 2 i S i '
Equating (35) and (36) yields forward equilibrium responses for each firm i
. 1 4 . 1
F(2) = 5(1 —d)a+ BFQZ(B) - 3Fg(3) (37)

We have just characterized two-period equilibrium deliveries and forward positions as a

function of previous positions F%(3) and FJ(3).

33See the last sentence of Section 2.3.
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5.3.3 Stepn=3

The spot market at step n = 3 opens with forward positions taken for spot markets at
n =3 and n = 2, i.e., Fi(3) and Fi(3) for both 7 and j. Firm i’s spot best response

depends on them as follows

ﬂ%%%ffﬁwﬂ+5mﬁ%£&$@%@®DQ§:
a4} ds} dqj

which, for our functional forms, reduces to

OV (sh, s5, Fi(3), F3(3))

a—2q5 —qy + Fi(3) =9 Z. =0. (38)
0sh
To find an expression for 9V} (-)/0sh, note that
Vs = (a— gy~ a3)(g; — F5(3)) +6(a — ¢; — q])g; + C (39)

where C'is just a constant that stands for the open financial positions (see expressions V'
and W/ in the main text). From (36) we have that d¢5/0s, = 0/(1 + §), and since ¢} =
s — gb, we also have that dqi/0sh, = 1/(1 + §). Using these expressions we differentiate

V4 with respect to s} to obtain
OVy(+)/0shy = m@a — 28 — s34+ F5(3)). (40)

Combining (38) and (40) yields

¢ = {%(1 + 8 — 26%) + 0%}, + %[(1 +0)F3(3) — 8 F5(3)) (4
1 j 2 1j 572
_g[(l +90)F5(3) — ¢ F2(3)]} 1406+ 62

which can be conveniently rewritten as

o
146+ 62

. 2 1 .
¢ = [2(1 + 6 —26%) 4+ 0%sk + S Hi(3) — —Hé(B)}

3 3 (42)

where H5(3) = (14+0)Fi(3)—6*Fi(3). As explained in the main text, the spot response to
contracts depends on the composite H%(3), not the individual positions. More generally,
we let H! (n) denote the forward composite that firm 7 holds at step n for spot markets
at steps m,m — 1, ..., 2.

We can now consider the (simultaneous) choices of Fj(3) and Fj(3) at step n = 3,
given previously taken positions Fi(4), Fi(4), FJ(4) and FJ(4). The choice of Fi(3)
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satisfies

od, 9, 0dj, | DHY(3)
Olps - (¢h — Fi(4))] | 0V50s), | Oq) | OHL(3)
{ o 055 0g, | DHL(3) | OFA(3) )

that provided that OH%(3)/0Fi(3) # 0 simplifies to

OV (sh, 51, Fi(4), Fi(4)) } 2
3

{2 - s
oVi(shsh . ) | -1]

ds) 3 '
An expression for OVJ(-)/0sh can be readily obtained from (40) but with F}(3) replaced
by Fi(4). To obtain an expression for dVy(-)/ds}, replace Fi(3) in (39) by Fi(4), and
differentiate with respect to s} noting that ¢l /s, = §/(1+ ) and d¢] /0s, = 1/(1+ ).
This gives

+ {F§(4) — 5= 6

OV ()05} = T (Fi(4) ~ 54) (49

Substituting into the first-order condition (43) for both Fi(3) and Fj(3) and solving for
1 and j yields:

ds = {2_;(1+5—252)+5283+§ (14 0)Fj(4) — 6*F}(4)] (46)
2 j 2 1nj é
a+oRw - R0 | s

Equate now (41) and (46), for both i and j, to obtain the forward best response for
each firm 1
Fi(3) = {%(1 46— 26%) + 8*FL(3) + = [(1+6)F5(4) — 8 F5(4)]

b
1+6
Multiply next both sides by 1 + § and rearrange to obtain

s la+ o - rw) |

(1+0)Fi(3) — 6°Fi(3) = Hi(3) = %(1 + 6 — 20%) + % i(4) — %H§(4), (48)

where
Hy(4) = (1+0)F5(4) — 6" F3(4).
Thus, equations (42) and (48) fully characterize step n = 3 equilibrium deliveries and

contracting positions, respectively, as a function of previously taken positions (i.e., Fj(4)
and Fj(4)).
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5.3.4 The induction step

Based on the results of the three steps above, we now formulate the induction hypothesis.

Definition 1 (Induction hypothesis) Consider step 2 <n < T, and let k =0,...,n — 2.
Assume that for all n—k, the following structure for SPE deliveries and contract positions
holds:

G = 13200 (0" = (= k= DI 5 (49)
9 1. 1
+-H, ,(n—Fk)—-H (n—k
3 i ) = g Hul )]ZZ =¥
() k+1 n—r— n—k—
Hn_k(n) = mazh:g 2(5h_(n—k:—1)5 k 1) (50)
34kl k1 .
CTRT D i N —"T g 1
3+2(1c+1)H”—’f(”Jr ) 3+ 20k 1 1) nek(n 1)

Hi (n+1) = Y0070 (0 +1) ="' 30 P Fi (1), (51)

It is easy to verify the hypothesis holds for the three-period solution derived above:
set n = 3 and k = 0 for the third step (n = 3), n = 3 and k£ = 1 for the second step
(n =2), and n = 3 and k = 2 for the last step (n = 1). Note that the auxiliary variable
k is needed because the induction hypothesis at some n depends on the number of steps
following n. Since it greatly simplifies the exposition, we proceed by assuming that the
induction hypothesis holds for n — 1 and then prove that it holds for n. We thus need
to verify that if for step n — 1 both spot and forward best responses follow the structure
(49)-(51) then they also follow it for step .

For the spot best responses we need the following result:

Lemma 7 If (49)-(51) hold for n — 1, then

avrf—l( iL 1,9 n 17Fz ( )7FiL—1(n)) — 5n—2
0511 Yhsao"

(n=1)a—2s,_y = s, + 3521 Fy_p(n).
(52)

Proof. The payoff V' | amounts to revenues from the remaining periods in equilib-
rium, starting from step n — 1. It is easier to keep track of these revenues forward in time
than backward through steps. Therefore, we make a temporary notational shift, and let
1 denote step n — 1 and M the last step. Thus,

Vi =Vi=0 8" (g — Fi(n)) +C
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where C' is again some constant that captures open contract positions. We have

ovi(") M ch—1 ; j ; dq;, Os},
—t = —-2q; —q. + F} L
(9511 Zh:l 5 (CL qp ay + h(n))asz (9511 (53)
Take the delivery rule (49) and set M = n and k = 0 to obtain
dgi 0sy Mt M1 -)
dst 0st MoLh o 1-6M
Similarly, set M =n and k£ = 1 to obtain
L S € )
Osy  SM 2t 1M
and
%% _a_qé 1_8_cﬁ B SM72(1 - 6) 1 SMH1 = 6) B M2 (1 - 6)
dsh 0st  0s), osi)  1—gMt 1—o6M 1= gM
And finally, set M = n and k = 2 to obtain
ogy _ oM M1 6)
asg - ZFZLW:?):ﬂ 5h - 1 _5M—2
and . . . . . ; M—3
aqgasg:aqg 1_%_%% :5 (1—9)
dsh 0st  0s} st 0sb 0st 1—6"
From this exercise we can see that
i i M-I 1— M-1
a_‘-’(a_‘s{gl—l — LMa)gl—l — 5]\47_1 (54)
Os) 0s} 1-6 g 0"

for all [. Replacing (54) into (53) yields

ovi() &M
DY e &
5M_1 M 3 M 3 M—1 14
= =i 5" (Ma—2% 2,1 @y — D he1 G + Doy Fr(n))

h=0
5M—1

i j M~-1 pv
- THL(MCL—251_SJI+ZFL=11FFL(”))
D h—o O

where the last line follows from the stock exhaustion conditions. Note that we add the

Yonii(a—2g, =, + Fi(n))

contracts up to M — 1 since we can disregard contracting for the last period. Switching

back to the "step" notation, where there are n — 1 steps rather than M periods, gives
(52).

Analogously, for the forward market best responses we need the following result:
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Lemma 8 If (49)-(51) hold for n — 1, then

av;li—l (Sfa—p 5{1—1> Ffa—1 (n), F{a—1 (n)) _ 52
05], T

Proof. We make a similar temporary notational shift as above and write

(ChiE () —sh_y).  (55)

Vi =300 0" (ah — Fi(n) + C
from which we obtain

ovi()

J
s}

, - Oq) Os’
M ch1mi iy 99, 95
=D 0 (F — Qh)a—sia—sjl»-

But from Lemma 7 we know that

o os 8
Osi 0s] S te

hence
8‘/2() 5M_1 M ; ; 5M—1 M1 i
81531 - M gt > o1 (Fr(n) —q,) = W ( hey Fp(n) — 51)

where the term after the second equality follows since there is no contracting for the last
period and sales add up to the stock. Switching back to the "step" notation gives (55).
Assuming now the hypothesis holds for n— 1, consider the spot market best responses

at n. The latter must satisfy

op;, - (g, — Fi(n))]
g +0 Dsi

n—1

OV _1(s),_1, 5{1—1> F;_i(n), Ffm—1(n)) 051 =0
dq,

for both ¢ and j. But from Lemma 7 the above reduces to

i j ; 5" i j n—2
a—2q, —q, + Fy(n) — 5Tc5h((n —Da—2s,_,—s,_ + 31 F_,(n)=0.
h=0

Rearranging gives
heo 0" (a=2¢,— i+ Fi(n)) = 6" [(n = V)a = 2(s), — q,) — (s}, — @) + 252 Frow(n)]
therefore

2, S 050" = =@ Yt 20" s + 6" sl +a (Xl 6" — (n—1)6" )
+ 3N E(n) — 6" ST ()
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Use this equation for both 7 and j to obtain the spot best responses

= | 5SRO — (= 1)) 8 S H ) — )| =

3 3°n S 15h (56)

for both 7 and j and where
Hj(n) = Y520 6" Fi(n) = 8" 3002 Foy(n).

Consider next the forward best responses at the forward stage of step n. The choice

F!(n) for each firm i satisfies

H@[pz-(qugFé(nH))] sV 3%1} O,

i 0si_y g, J O, (n)
JJob G- B 1)) | jovios )| oe | omim) _
o, 05,1 0. [ OH,(n) | DFi(n)

where V!, =V (si s/ | Fi (n+1),F (n+1)). From Lemmas 7 and 8 we have

n—1r°n—1»

the changes in the continuation values, and from (56) the effect dq’/0H' (n); thus, the
expression simplifies to (recall that OH (n)/dF(n) # 0)

olps - (¢, — Fi(n+1 52 ; el i 2
{ [ ( oo ( )] 52” 25h((n a —2s' | — _1—|—Zh:i Fn_h(n—|—1)}3
op;, - (g, — Fi(n +1 5" n—2 i i n25h
+ [ ( i ( ))] - n—2 h( h:? Fn—h(n + 1) - Sn—l) Zn 1 ch 0
g > h=0 0 2_h=00
Solving for spot quantities of ¢ and j gives
i 20 n—2 n— n—1i 3 i 2 i 1
(57)

Equating (56) and (57) for both i and j gives the forward best responses

j n—2 @ n— 4 ) 1 )
Hin) = Y50 = (0= 18" + S Hi(n+ 1) = Hi(n + 1)

where
Hin+1)=3712"Fin+1)— " S0 F_(n+1).

We have thus verified the induction hypothesis for n and £ = 0. Consider now n and
k > 0. The condition for best responses F' ,(n) has two parts. First, the effect on

deliveries at n is zero by the first-order condition for F(n)
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H s (gn — Fa(n+ )] | (OVi 05,4 } 04y,

g, ds,_, 0q, ) OH}(n)
8[29181 ) (qqzv, - Fé(n + 1))] aVZ—l 85{1—1 a%—l 8qu1(”)
+ . + 00— . : : =0,
g, dsl_, Oqh | OHj(n)| OF)._,(n)
so we are left with the effect on future deliveries
H a[pf@—k : (Qwi@—k _'Fwi—k(n + 1))] i 58‘/;;—1%—1 asfy—k—l } aflfa—k
g sy 11 Oy OH; _,(n)

olps_y - (qu@—k - Fﬁ—k(n +1))] n 58Va;—k—1 85{1fk—1 a%ji—k 8Hé—k(n) —0
aqu@_k asi_k_1 a%_k quzm—k(n) aFﬁ—k(n) .

We have already solved this condition for the case kK = 0. The only substantial difference
between cases k = 0 and k£ > 0 is that the spot n — k is served k times by the forward
markets. Using the procedures outlined above and the functional forms for the derivatives
of the value functions for trading round & yields (49), (50) and (51). This completes the

induction step.

5.3.5 The equilibrium delivery

We now use the induction hypothesis, shown to hold for all steps, to derive the SPE
delivery rule in the text. At ¢t = 1 (i.e.,, n = T'), there are no contracts from the past,
Hi(T+1) = 0. This, together with (49)-(51) and the symmetry of the positions, implies

j a n—k— n—k— n—k—1 i
A D e (R LA BT
k+1 n—k—2/ch k-1 1
_— _ 0" —(n—k—-1)0" .
+3 ‘I’ Q(k ‘I’ 1)a h=0 ( (n ) ) Zz;g_l 5h

It is matter of direct verification that setting n = T" and k = 0 leads to the SPE delivery

for t = 1 in Proposition 3, n =T and k = 1 for ¢t = 2, and so on.

5.4 Proof of Proposition 4

Let 7 denote the time that has elapsed after ¢ periods, so if A > 0 is the period length,
then t = 7/A. Likewise, let T(A) denote the time it takes firms to exhaust their stocks
in equilibrium for some period length A, so T(A)/A = T(A) < N(A), where T(A) is
the period of exhaustion and N(A) is the number of periods of the game. Thus, step n
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of Proposition 3 (i.e., number of steps or periods before reaching the exhaustion period
T(A)) can be now expressed as

n=———+1. (58)
~TA (r is the instantaneous
interest rate) and t = 7/A into (18) we obtain (recall that s must be scaled by the

Replacing (58) , the continuous-time discount factor § = e

period length)
. . a Y(A)—T T A T - A
CJtZ = CIZ = {_ |:Zh:€ ! e AN _ (%) e—r(T(A)—T):| |:1 + /7:| (59)

3 3+ 27/A)
st 1
+6—r<T(A)—T>Zt} 1
Don—g €A

Deliveries are positive for all A, so T(A) must converge to some finite value T > 0; other-
wise the resource constraint is not satisfied. Letting A — 0 we obtain the instantaneous
equilibrium delivery

a1 —1—7(Y —7)) rst

=75 or(T—7) _ 1 or(T—1) _ 1

(60)

Consider now the socially optimal (continuous-time) delivery path starting at time 7 and
given an overall (remaining) stock of s, = 2s° = 2s/. Since prices grow at the rate of
interest along the efficient path, at any time 7 < 7/ < T the socially optimal delivery
satisfy

a—q = (a—q)er .

And using the exhaustion condition

T
/ ¢dr’ = s,
i

("™ —1—7(T - 7)) TSy
er(T-7) _ 1 T er(T-7) — 1

yields

(61)

G =a

which is twice the delivery shown in (60).
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